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1. Introduction
Throughout, F will denote a free group on n generators. We will take as the standard basis for F
the set X = {x1, x2, . . . , xn}. A set U = {u1,u2, . . . ,um} of elements of F with m n is called a primitive
set in F if there is a subset V = {vm+1, vm+2, . . . , vn} of F so that U ∪V is a basis for F . So a primitive
set is a set of elements that can be extended to a basis. In this note, we study primitive sets from
three classical viewpoints, those of Whitehead, Nielsen and Stallings.
Each primitive set with fewer than n elements determines a proper free factor of F and therefore
corresponds to a vertex in the complex of free factors as described by Hatcher and Vogtmann in [6].
This complex was recently proved to be hyperbolic by Bestvina and Feighn [1].
A 3-manifold M which is homeomorphic to the connected sum of n copies of S1 × S2 has its
fundamental group isomorphic to F . In [10] and [11] Whitehead used this manifold to describe au-
tomorphic images of elements of F . One deﬁnes a certain set of n disjoint 2-spheres in M to be the
standard sphere basis for M which is in some sense dual to the standard basis for F . In Section 2 of
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in M which, given a homeomorphism of M , are subsets of the image of the standard sphere basis.
The isotopy class of a primitive sphere set determines a simplex in the sphere complex developed by
Hatcher in [5]. In Section 3, we use Nielsen transformations to give, for a homomorphism Φ: F → G
between free groups and a primitive subset V in the image of Φ , a factorization F = B ∗ C and a
primitive set U contained in B so that: Φ is a bijective correspondence between U and V ; Φ is
injective on B; and, trivial on C . This generalizes a well-known result.
In Section 4, we take the point of view of Stallings in representing a subgroup of a free group by
a directed and labeled graph. A Stallings fold identiﬁes two adjacent edges that are similarly labeled
and directed relative to a common vertex. This operation does not change the subgroup the graph
represents and therefore, when repeated, gives a way of ﬁnding the smallest graph representation of
the subgroup. This is particularly helpful when we are presented with generators of that subgroup.
Given a set U , and some u /∈ U , we can compare the graphs Γ and Γ ′ representing the subgroups
H = 〈U 〉 and H ′ = 〈U ∪ {u}〉 respectively. Clearly, Γ ′ can be obtained by attaching a circle graph
to the basepoint of Γ and then folding. In certain circumstances however, Γ ′ can be obtained by
identifying, or pinching two vertices of Γ together and then folding. We prove that if U is a primitive
set so that H is a proper factor of F of rank m, then we can obtain the elementary wedge, the graph
corresponding to the entire group F , by making n −m pinches on Γ and then folding. This has two
interesting corollaries which we describe in Section 5. The ﬁrst is an algorithm, independent of and
simpler than the one given by Whitehead in [11], which determines whether a given set is a primitive
set. The second is that one can expand the primitive set U to a basis for F by adding words no longer
than the longest word in U .
We note that generalizations of foldings play a prominent role in the work of Bestvina and Feighn
mentioned above as well as that of Handel and Mosher in [4] in which they prove the free splitting
complex of a free group is hyperbolic.
The authors are grateful to the referee for alerting us to the relevance of the work in [1] and [4]
as well as for numerous stylistic comments that led to signiﬁcant improvements in this paper.
2. A method of Whitehead
Following the convention in [2], M shall denote the connected sum of n copies of S1× S2. We shall
realize M as an identiﬁcation space of a subset of S3, the one point compactiﬁcation of R3.
More precisely, let {D ′1, D ′′1, D ′2, D ′′2, . . . , D ′n, D ′′n} be a collection of disjoint 3-balls contained in S3,
where ∂D ′i = S ′i and ∂D ′′i = S ′′i . Let M˜ be the manifold which is obtained from S3 by removing the
interiors of the aforementioned 3-balls. If we now identify each S ′i with S
′′
i via an orientation revers-
ing diffeomorphism, we obtain the manifold M . We shall use the symbol Σ to denote the standard
sphere basis in M , i.e. Σ = {S1, S2, . . . , Sn} where Si refers to the image in M of S ′i (and of S ′′i ). If X
is a subset of M , we shall use the symbol X˜ to denote its preimage in M˜: thus Σ˜ is just the set of 2n
2-spheres {S ′1, S ′′1, S ′2, S ′′2, . . . , S ′n, S ′′n}. We shall also assume that all submanifolds of M are smoothly
embedded and that all intersections of such submanifolds are transverse.
Let T be a 2-sphere embedded in M . If T ∩ Σ is empty then T˜ is a 2-sphere in M˜ . If T ∩ Σ
is not empty then T˜ consists of a disjoint collection of 2-cells and punctured 2-cells in M˜ , whose
boundaries lie on Σ˜ . Let τ = {T1, T2, . . . , Tm} be a collection of disjoint 2-spheres embedded in M .
The collection τ is said to be a sphere basis if m = n, and there is a diffeomorphism of M which sends
S j to T j . In [3], this was shown to be equivalent to each of the following: M −⋃nj=1 T j is connected;
M −⋃nj=1 T j is homeomorphic to a 3-sphere with 2n punctures; and, no ﬁnite sum of the T j ’s bound
in the mod 2 unoriented sense.
The collection τ = {T1, T2, . . . , Tm} is said to be a primitive sphere set if m n and there is a diffeo-
morphism of M which maps T j onto S j . This is equivalent to the existence of spheres {Tm+1, . . . , Tn}
such that {T1, . . . , Tm, Tm+1, . . . , Tn} is a sphere basis. An easy argument shows that given any sphere
S j in Σ , there is a diffeomorphism of M which maps S j to itself and reverses the direction of the out-
ward normal. This being the case, we will be avoid mention of the outward normals on the spheres
in question. The following theorem is a generalization of a result in [3].
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lent:
(1) No ﬁnite sum of the Ti ’s bound in the mod 2 unoriented sense.
(2) τ is a primitive sphere set.
(3) M–τ is diffeomorphic to the connected sum of S3 with 2m punctures and n −m copies of S1 × S2 .
(4) M–τ is connected.
We note that in any of these cases, m n.
Proof. As in [3], 2 
⇒ 3 
⇒ 4 
⇒ 1 is trivial. Although the proof that 1 
⇒ 2 is similar to that in
[3], we shall provide a proof here. The proof is by induction on k, the number of components of
intersection between τ and some sphere basis Σ .
First, assume that there is a sphere basis Σ = {S1, . . . , Sn} so that no sphere of τ meets a sphere
in Σ . So, for each T j ∈ τ , T˜ j is a sphere in M˜ . We say that T j is a clone of Si if one component of
M˜ − T˜ j contains exactly one of S ′i and S ′′i and no other element of {S ′1, S ′2, . . . , S ′n, S ′′1, S ′′2, . . . , S ′′n}. By
criteria 1, we see no two clones can enclose the same S ′i . By isotoping and relabeling as necessary,
we can assume that T j encloses only S ′j .
The proof in this case is by downward induction on l, the number of clones. We note that if l =m,
then every sphere in τ is a clone. Therefore, the set {T1, T2, . . . , Tm, Sm+1, . . . , Sn} is a sphere basis.
Therefore, τ is a primitive sphere set. Suppose that we have T1, . . . , Tl as the set of clones. We now
look at Tl+1. By criteria 1, T˜l+1 must separate some S ′i from S
′′
i where i  l + 1. Without loss of
generality we can assume that i = l + 1. We now replace the sphere basis Σ by the sphere basis Σ ′
where Σ ′ = {S1, . . . , Sl, T̂l+1, Sl+2, . . . , Sn} where T̂l+1 is a clone of Tl+1. Now, τ has l+1 clones with
respect to Σ ′ . The result for the case k = 0 follows.
Suppose now that τ intersects Σ in k circles, C1, . . . ,Ck , where k  1. There is a 2-cell E on
some Ti such that the boundary of E is some Cq and the interior of E contains no other Cs . We call
such an E an endcap. Without loss of generality we can assume that q = 1 and that C1 lies on S1
and T1. There exists a 2-cell F on S1 whose boundary is also C1 such that E ∪ F , when pushed
slightly outward, becomes a 2-sphere, denoted Sˆ , so that ˜ˆS separates S ′1 from S ′′1. Now if we let
Σ ′ = { Sˆ, S2, . . . , Sn} then Σ ′ is a sphere basis which intersects τ in fewer than k circles. Our result
follows by induction. 
We conclude this section by extending Theorem 2 of [2] to primitive sets. We begin with the
following lemma.
Lemma 2.2. Let α1,α2, . . . ,αm be a set of closed paths and τ = {T1, T2, . . . , Tm} a collection of disjoint
embedded spheres in M so that: αi ∩ T j is empty if i = j; and, αi ∩ Ti is a singleton for all 1 i, j m. Then
τ is a primitive sphere set.
Proof. Let {α1,α2, . . . ,αm} and τ be as hypothesized. In view of Theorem 2.1, it suﬃces to prove that
the complement of τ is connected. To see this suppose y and z are points neither of which are in
spheres in τ . Let β be a path from y to z in M . We will induct on the number of times β meets a
sphere in τ . Suppose that β passes through T j at w and suppose that α j meets T j at w ′ .
We take a small neighborhood of T j , called C , which we identify with S2 × [−1,1] and by ho-
motoping and reversing directions as necessary, assume that: β meets C in {w} × [−1,1] and passes
through C in the positive direction; and, α j meets C in {w ′} × [−1,1] and passes through C in the
negative direction. We let α be the path along α j from w to w ′ that does not enter the interior of C .
Now, let γ be a path on T j from w to w ′ . We deﬁne γ−1 and γ1 as the copies of γ on the −1
and 1 levels of C respectively. We now replace that section β inside C by the path γ−1 ◦α ◦γ−11 . The
resulting path begins at y, ends at z and meets τ in one fewer point than did β . 
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curves in M to words in the basis X as follows: First, we deﬁne the sides of Si in M corresponding to
S ′i and to S
′′
i to be its negative and positive sides respectively. Then, as a curve α passes through Si
from the negative to positive side there corresponds an occurrence of xi in the word corresponding
to α. Similarly, as α passes from the positive to negative side of Si , there corresponds an occurrence
of x−1i . If w is a reduced nontrivial element of F , then there is a simple closed path (unique up to
homotopy) in M based at ∗ whose intersection with S spells out the word w without cancellation.
Let τ = {T1, T2, . . . , Tm} be some other collection of disjoint 2-spheres embedded in M each of
which has designated positive and negative sides. Assume each is labeled with some generator in X =
{x1, x2, . . . , xn}. (At this point, we do not assume that each generator is used, nor that no generator is
used more than once.) Let us also assume that we have chosen our basepoint ∗ so that it does not
lie on a sphere in Σ ∪ τ . The pair {Σ,τ } deﬁnes an endomorphism Φ of F in the following manner.
For w ∈ F , we take a path αw which represents it. The image of w under Φ then is the word that
α spells out as it passes through the elements of τ using the labeling described above. We note that
this word need not be reduced, but this homomorphism is well deﬁned. In the case where τ is a
sphere basis, and the sphere Ti is labeled with xi , Φ is an automorphism. Whitehead, in [10], showed
that any automorphism of F can be modeled by some normal pair of sphere bases.
Theorem2.3. Let U = {u1,u2, . . . ,um} be a set ofm (m n) distinct reducedwords in F . Then U is a primitive
set if and only if there exists closed paths {α1,α2, . . . ,αm} in M and 2-spheres {T1, T2, . . . , Tm} in M such
that:
(1) the word obtained by the intersection of α j with Σ is precisely u j ;
(2) αi ∩ Ti = is a singleton;
(3) αi ∩ T j = ∅ if i = j.
Proof. We expand the primitive set U to a basis {u1, . . . ,um,um+1, . . . ,un}. Let Φ be the automor-
phism of F deﬁned by Φ(u j) = x j . Let τ = {T1, T2, . . . , Tn} be a sphere basis so that the pair {Σ,τ }
represents Φ and they are normal with respect to one another (cf. [3]). A very clever argument of
Whitehead [11] proves that given any reduced word u there is a path α such that α intersects Σ in
precisely the word u and α intersects τ in precisely the word Φ(u). If we let α j be the path which
represents u j with respect to Σ and let T j be itself then the result follows.
Conversely, we suppose that we are given closed paths {α1,α2, . . . ,αm} which represent the
words {u1,u2, . . . ,um} exactly and 2-spheres τ = {T1, T2, . . . , Tm} satisfying the given hypothesis.
We know from Lemma 2.2 that τ is a primitive sphere set. We expand τ to a sphere basis η =
{T1, . . . , Tm, Tm+1, . . . , Tn}. As described above, η represents an automorphism Φ of F . We see that,
for each j, Φ(u j) = v jx±1j w j for some v j and w j in the subgroup generated by {xm+1, . . . , xn}. There-
fore, the set {Φ(u1),Φ(u2), . . . ,Φ(um), xm+1, . . . , xn} is a basis for F . So, {Φ(u1),Φ(u2), . . . ,Φ(um)}
is a primitive set. Since Φ is an automorphism, {u1, . . . ,um} is a primitive set. 
3. A method of Nielsen
In this section, we prove that the preimage of a primitive set contains a primitive set. This is a
slight generalization of Proposition 2.12 of [8]. We make use of Nielsen transformations as described
in [8]. Given an m-tuple of words (u1,u2, . . . ,um) in the free group F , an elementary Nielsen transfor-
mation replaces the occurrence of ui with either u
−1
i of uiu j for some j = i. Compositions of various
elementary transformations yield any permutation of the entries in σ and the replacement of ui with
any of u jui , u
−1
j ui or uiu
−1
j . We note that in some contexts, another transformation which deletes an
entry of a word equivalent to 1 is used. We will not make use of it here. Clearly, if (v1, v2, . . . , vm) is
obtained from (u1,u2, . . . ,um) by a sequence of Nielsen transformations, then the subgroup generated
by {u1,u2, . . . ,um} is the same as that generated by {v1, v2, . . . , vm}. Conversely, if {u1,u2, . . . ,um}
and {v1, v2, . . . , vm} generate the same subgroup, then there is a sequence of Nielsen transformations
taking (u1,u2, . . . ,um) to (v1, v2, . . . , vm) (cf. [8]).
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homomorphism from F to G. If {y1, . . . , yp} is in the image of Φ then there is a basis {u1,u2, . . . ,un} for F
and some p′  p such that:
Φ(ui) = yi for 1 i  p;
Φ is injective on the subgroup generated by {u1, . . . ,up′ }; and
Φ(ui) = 1 for p′ < i  n.
Proof. We start with the n-tuple in G , (Φ(x1),Φ(x2), . . . ,Φ(xn)) written with respect to the basis Y .
Since y1, . . . , yp ∈ Im(Φ), there is a sequence of elementary transformations σ1, σ2, . . . , σr taking the
sequence (Φ(x1),Φ(x2), . . . ,Φ(xn)) to the sequence (y1, y2, . . . , yp, vp+1, . . . , vp′ ,1,1, . . . ,1) where
y1, y2, . . . , yp, vp+1, . . . , vp′ is a basis for Im(Φ). If we perform the same elementary transformations
on the sequence (x1, x2, . . . , xn) in F , we get a sequence (u1,u2, . . . ,un) satisfying the conclusion of
the theorem. 
Corollary 3.2. (See [8, Proposition 2.12].) Let Φ be an epimorphism from F to G. There exists a basis
{u1,u2, . . . ,un} of F such that Φ(ui) = yi for 1 i m and Φ(ui) = 1 for m < i  n.
Corollary 3.3. Let Φ be a monomorphism from F to G. Assume U = {u1,u2, . . . ,up} is a subset of F . If
{Φ(u j) | 1 j  p} is a primitive set of G, then U is a primitive set in F .
Corollary 3.4. Let H be a subgroup of F . If u j is in H for 1 j  p and {u1,u2, . . . ,up} is a primitive set in F ,
then it is a primitive set in H.
4. A method of Stallings
In this section, we use labeled directed graphs to describe subgroups of the free group F . Stallings
originally described this technique in [9]. An instructive and comprehensive study of Stallings’ meth-
ods was published by Kapovich and Myasnikov in [7]. We cover the rudiments here, but refer the
reader to these works for a more thorough treatment.
As above, we take X = {x1, . . . , xn} as a basis of the free group F . We say that a ﬁnite graph Γ is
an X-graph if it is connected and each edge is labeled with one of the basis elements and is oriented.
We say that Γ is reducible if there is a vertex v and 2 distinct edges e1 and e2 adjacent to v bearing
the same label such that both are directed in the same direction (toward or away) in relation to v .
We consider this to be the case if one or both of these edges are loops. If Γ is not reducible then we
say that Γ is reduced. For reasons which will become evident, reduced graphs are also called folded.
An important reduced graph is the elementary wedge, W = K (F ,1). The elementary wedge has one
vertex and n edges labeled x1, x2, . . . , xn .
If v is a vertex of Γ then any closed path with base point v deﬁnes a word in X albeit not
necessarily reduced. The set of all such words forms a well-deﬁned subgroup of F which we denote
as H(Γ, v). In fact, there is a canonical homomorphism from π1(Γ, v) to F , the image of which is
H(Γ, v). This homomorphism is injective when Γ is reduced.
Conversely, let H be a ﬁnitely generated subgroup of F . Let E be the cover of W corresponding
to the subgroup H . We direct and label each edge of E so that the covering map preserves direction
and labeling. Then, there is a vertex v ∈ E and a ﬁnite subgraph Γ of E so that H = H(Γ, v). This Γ ,
which is reduced, is called a core of the cover.
Corollary 4.1. Let H be a subgroup of F and let Γ be a reduced X-graph with vertex v so that so that H =
H(Γ, v). Suppose that α = {α1,α2, . . . ,αp} is a set of closed curves in Γ based at v so that the words read by
the curves in α form a primitive set in F . Then α is a primitive set in π1(Γ, v).
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which one can reduce a reducible graph. More speciﬁcally, assume Γ is reducible on account of the
edges e1 and e2 adjacent to the vertex v similarly labeled and directed relative to v . We fold e1
and e2 together using equivalence relations on the edges and vertices of Γ . The four types of folds
are as follows:
(1) if neither e1 nor e2 are loops, and they are adjacent also to w1 and w2 (w1 = w2) respectively,
we identify e1 to e2 and w1 to w2;
(2) if e1 is a loop, and e2 is not and is adjacent also to w , we identify e1 to e2 and w to v;
(3) if neither e1 and e2 are loops and both are adjacent to the vertex w (w = v), we identify e1
to e2;
(4) if both e1 and e2 are loops, we identify e1 to e2.
If the new graph is Γ ′ , there is a canonical map of directed and labeled graphs φ : Γ → Γ ′ .
We note that Γ ′ has one fewer edge than Γ and that by repeatedly folding, we eventually obtain a
graph which is reduced. Also, the subgroups H(Γ, v) and H(Γ ′, φ(v)) are identical. Lastly, we note
that if the fold is of type 1 or 2, the graphs Γ and Γ ′ have the same rank; if the fold is of type 3
or 4, than the rank of Γ ′ is one less than that of Γ . From this we see that reduction of Γ will involve
a fold of type 3 or 4 if and only if there is an essential curve in Γ whose word freely reduces to the
trivial word.
Given an X-graph Γ , a pinching is an equivalence relation which identiﬁes two distinct vertices
of Γ . Again, if Γ ′ is the graph obtained by a pinching, there is a canonical map of directed and labeled
graphs ψ : Γ → Γ ′ . We see that a pinching increases the rank of Γ . It may or may not increase the
rank of the subgroup H(Γ, v) of F . We sum up this discussion in the following useful lemma.
Lemma 4.2. Let Γ be an X-graph of rank m. Let Γ ′ be obtained from Γ by a sequence of pinches and folds so
that a total of k pinches are performed and each fold is type 1 or 2. If Γ ′ has rank n, then k = n −m.
Let Γ and Γ ∗ be X-graphs so that Γ ⊆ Γ ∗ . We need to analyze the effect on Γ of a fold in Γ ∗ .
There are several cases involved which we organize in the following lemma whose proof is left to the
reader.
Lemma 4.3. Assume Γ ⊆ Γ ∗ . Let e1 and e2 be edges of Γ ∗ adjacent to the vertex v0 . Assume that w1 and
w2 are the other vertices adjacent to e1 and e2 . (One of w1 and w2 may be v0 if the corresponding edge is a
loop.) Let φ:Γ ∗ → Γ ∗′ be a single fold of type 1 or 2 at v0 involving the edges e1 and e2 . Then:
(1) if no more than one of w1 and w2 are in Γ , then φ restricted to Γ is the identity;
(2) if both w1 and w2 are in Γ and both e1 and e2 are in Γ , then φ restricted to Γ is a fold of the same type;
(3) if both w1 and w2 are in Γ and not both e1 and e2 are, then φ restricted to Γ is a pinching.
We will make use of an observation that further relates pinching to folding. Suppose that Γ is a
reduced graph with basepoint v0 and that Γ ′ is the graph obtained by pinching the distinct vertices
w1 and w2 and then reducing. Another way of obtaining Γ ′ is as follows: ﬁnd a geodesic in Γ from
v0 to w1 labeled r and a geodesic from w2 to v0 labeled s. We note that because w1 = w2, the
word rs is not in H(Γ, v0). Let C be the circle graph based at a vertex v1 so that reading around C
yields rs. Now if we identify v0 to v1 and reduce, we obtain Γ ′ . In terms of subgroups, we see that
H(Γ ′, v0) is the subgroup generated by H(Γ, v0) and rs.
We extend this observation as follows. Let U = {u1,u2, . . . ,um} be a set of m words in F . Let Γ
be the reduced graph with basepoint v0 which represents the subgroup of F generated by U . Now
U is a primitive set if and only if there is another reduced graph L of rank n −m with basepoint v1
such that when K and L are joined at their basepoints and then reduced one obtains the elementary
wedge W .
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one u j . Let Γ be a reduced graph representing the subgroup generated by U . Then U is a primitive set if and
only if there is a sequence pinches and folds which includes exactly n −m pinches that transforms Γ into the
elementary wedge W .
Proof. Suppose that there is a sequence of n −m pinches and folds which reduces Γ to the elemen-
tary wedge. As above, we see that for each pinch there is an associated circle graph whose adjunction
with Γ followed by some folds effectuates that pinch. If we take the wedge of Γ and these n −m
circle graphs and reduce, we obtain the elementary wedge. Thus, U together with n −m words gen-
erates F . This implies that U is a primitive set.
To prove the converse, we assume that U is a primitive set and that Γ is its reduced graph. Since U
is a primitive set, we see that Γ has rank m. Let V = {v1, v2, . . . , vn−m} be words in F such that U ∪V
is a basis. We deﬁne C+ as the graph obtained by taking the wedge of circle graphs corresponding
to the words in V and we let Γ ∗ be obtained by identifying the basepoints of Γ and C+ . Next,
we perform a sequence of folds to reduce Γ ∗ . When we are ﬁnished, we will obtain the elementary
wedge. Since both the elementary wedge and Γ ∗ have rank n, we see that the reduction of Γ ∗ does
not involve a fold of type 3 or 4.
We now consider the folds in the sequence that reduced Γ ∗ as a sequence of pinches and folds
(or the identity) on the subgraph Γ . From Lemma 4.3, we know that the folds in this sequence of
moves on Γ are each of type 1 or 2. Since each xi occurs as a label on some edge of Γ , the image
of Γ under this sequence of pinches and folds is the elementary wedge of rank n. From Lemma 4.2,
we see that there must have been exactly n −m pinches in the sequence. 
We end this section by noting that the assumption that each generator appears in one of the ui
is not very restrictive. In fact, if for some k < n, only the generators x1, . . . , xk appear in U , then
Theorem 4.4 gives necessary and suﬃcient conditions for U to be primitive in Fk . It is a consequence
of Corollary 3.4 that such a U is primitive in Fk if and only if it is primitive in Fn .
5. Concluding remarks
In [11], Whitehead gave an algorithm which determined whether U = {u1, . . . ,um} is a primitive
set in F . His proof uses complicated machinery the beginnings of which are described in the second
section of the present paper. Theorem 4.4 gives a simpler algorithm:
Given the set U , make the graph representing the subgroup of F it generates. We note that if this
graph has rank less than m, U cannot be primitive as it is not a basis for the subgroup it generates.
Now, we see if it is possible to perform a sequence of n −m pinchings and reductions to obtain the
elementary wedge.
More interesting, perhaps, is the following corollary which we state as a theorem.
Theorem 5.1. If U = {u1,u2, . . . ,um} is a primitive set in F then there is a set V = {vm+1, vm+2, . . . , vn} so
that U ∪ V is a basis for F and for all m < j  n, |v j |max{|ui | | ui ∈ U }.
Proof. Let Γ be the graph with vertex v so that H(Γ, v) is the subgroup generated by U . We know
there is a sequence of n − m pinchings and reductions on Γ that yield the elementary wedge. As
described above, a pinching of vertices w and z is tantamount to adjoining a word rs to U where r
is the word on a path from v to w and s is the word on a path from z to v . But each of these paths
can be taken to be no bigger than half the length of the longest word in U . 
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